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An "averaged Lagrangian” method of obtaining a dispersive system describing
slow variations of the wave parameters for quasi-stationary waves, is obtained
approximation the dispersive system for the Klein-Gordon equation represents
a quasi-linear system of the hyperbolic type and admits discontinuous solutions,
The structure of the discontinuities for the conservative and the nonconservative
cases is investigated and the number of free parameters in a discontinuity de~
termined,

Varjous asymptotic methods find wide application in investigating nonlinear
waves with dispersion [1, 2], An adiabatic approximation method of obtaining
a dispersive system of equations was proposed in (3] for the quasi-stationary
waves, i, ¢, for the waves in which the change in the wave parameters is slow
compared with the fundamental oscillations, That method is based on the pro-
cess of averaging over the fast variable appearing in equations equivalent to
the initial equations and written in divergent form, It was shown first for the
conservative systems [4] and then for the nonconservative ones [5] that the dis-
persive system can be obtained from a variational equation averaged in the
appropriate manner, Such averaging processes representing integration over a
part of the independent variables find use in the theory of stress and strain in
shells and rods when the Bubnov method is used, and also in the asymptotic
theory of nonlinear oscillations [6].

1, Derivation of s dispersive system from a variational equa-
tion in the averaged form, We consider the following Euler-type equation

a (oL o [ oL oL | _
—W(K)—o—r(;u—x)'*"-ﬁ“r Q(u)—— 0 (1'1)
for the generalized variational equation [7]
8 § L, w,u)dzdt + sW* =0 (1.2)
Ve

where §W* is a nonholonomic variation of the functional

SW* = § Qo (1, Uy Uy ©)Sudzdt, Q= eQ) + QR + .

and & is a small, positive parameter, In (1,2), the variations at the boundary V, of the

region of integration are equated to zero,
Let us assume that for ¢ = (Q Eq. (1.1) has a solution in the form of a travelling sta-
tionary wave with constant parameters a, o{®, j(®

764



Steady—state solutions of a dispersive system of nonlinear waves 765

= U® (8, a), O =k0 2z — @O

The quasi-stationary wave solutions of (1,1) are characterized by a slow change with
respect to T and ¢ of the parameters a, @ and k. Let us assume that these solutions
can be represented as expansions in & of the form

w=— "™ (@, a...) (1.3)
m~=0
O=—0=— D "™ (ez,et), OV.=k= D) k" (e, €l)
m-= m=0

g = ) &"TA™ Y (v, 8t),  a, 2 e™IB™Y (g1, et)

m==2

Applying the usual method of obtaining /(™) we substitute (1, 3) into (1,1) and equate
to zero the coefficients of like powers in £ to obtain, from the conditions of periodicity
of the functions U®, UM . . .  a dispersive partial differential system in 2, ©
and k [5, 8], The problems of convergence in & are not considered here, the solutions
studied being of prescribed accuracy with respect to ¢ , The same dispersive system can
be obtained from the averaged variational equation using the variations §9 and a.
The averaged Lagrangian [ is introduced in the form

(1.4)
LBy, 0., a.a.aq, Hy o H)— (L U, 80 + aU® + HUY,..)dd

where U$ and UY are derivatives with respect to  and a appearing in the explicit
form, and H incorporates the remaining terms which change slowly and are not subject
to further variation, The averaged nonholonomic variation §W#* is given in the form

oW+ [O(méﬁ + O bal dz dt (1.5)

Vo

en

Q(e) \ Q(u) (u Wy, Wy, ) U(n) dﬁ, ()(a) = 21 go(u) (u Uy, Uy, !‘) U(O) at

Here ((s) and Q, are the averaged generalized forces and the function i is taken
in the form of (1, 3), We note that for the conservative systems when §W* = (0, the
stationary solution U is sufficient to define the dispersive system in any degree of
approximation with respect to € ,

The next approximation for the dispersive system, following the stationary one, may
be obtained by equating to zero @, and a,in (1,4), i, e, taking the averaged Lagrangian
in the form L = Lw (8, ¥, a)

and setting y = U©@ in(1,5), The resulting quasi-linear system describes the adiaba-
tic approximation due to Whitham (3, 9],

In a number of important cases this quasi-linear system is hyperbolic and admits the
existence of discontinuous solutions, These discontinuities, which were brought into con-
sideration by Whitham [3] are, unlike the shock waves in the continuous media, not con~
nected with the irreversible transformations of energy and provide schemata for the do-
mains of rapid variation of the wave parameters in the first approximation, The dispers-
ive system in this approximation is not valid for these narrow zones, but can be used to
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record the conditions at the discontinuities, These conditions can be obtained from both
the dispersive system written in the divergent form and the averaged variational equa-
tion [10], and they have the form

T ST
(L(O)_ i az, R
L (U
r AL©® I [__ a0
— (U) ~ .
o )= IV e )

where » is the rate of propagation of the discontinuity and [¢] denotes the difference
in the values of the function ¢ ahead and behind of the discontinuity, We note that the
conditions (1, 6) refer to the first adiabatic approximation,

In a higher order approximation the dispersive system makes possible the study of the
structure and evolutionarity of these discontinuities,

2, Conservative 1ystems, Asanexample we consider the Klein-Gordon

equation rr
¢ Ugp — Uxx oy -0 (21)

for which in the variational equation (1,2) we have

Lo uzw.-x(u) 3W* -0

e G-
9 4

and V’ (u) is a nonlinear function, The stationary wave u® (&, @) is determined by
the solution of the following ordinary differential equation:

(O — KOY U <V () = 0

the first integral of which has the form

w0y __ ;0¥ s .
(0] - {/r(g) - vV (L/ (0)) —

a2

and can be obtained bv inverting the integral
(0}

- O F dy 2.2
\‘}wil/m k § BTt 2.2)

Here &, and a, denote two consecutive roots of the equation
s (y) = a® — 2V (y) =0

such that when a, < } < @y we have § (¥) > 0 and the modulusof s (¥) is of the order

of |y — a; ' near a; when ¢; < 2. It can be seen from (2,2) that J® is a func-

tion even in ¥ , In the following we shall consider the branch corresponding to ¢ >0.
Let us write the averaged Lagrangian (1, 4) for Eq, (2.1)

~ | 21 —d 0 malﬂ—{—ax? (o) (0)] —
L___E_“___._Z__.U& 2 gt v (U)|de =
)
—aj 2 —82 492
_.,_i"_i_a__(p‘ 4= ___.__-q)2+(93

(the functions ;, ¢; and @gare determined as respective integrals of Uf,m, Uﬁm and
(U‘o)) Then the dispersive system is found to be composad of the following equations
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d 2
a7 (0Ps) + 5 (kpe) =0 (2.3)
a—al @, 2 k2 Qg Psq
a[l_a_\~x— { 5 2 q:l _ w 5 ;l +T31=0 (2./1)
o, + k=0 (2.5)

Equations (2. 3) and (2,4) can be written in the form of the conservation laws following
from the Noether theorem [11] on invariance of the Lagrangian L under the group of
translations in £ and T

0/’ ﬁTp 0Ta1 T 2.6
- =0, at + R 0 ( )
where
_ o a?a? 02 +02
Iy= azLa, - ‘(}/LO, — L= — 3 P — 3 Py — €3
Ty - al, LT 0, Ea = a,a,9, + ¥ 0.Py
T‘Zl = a\Eul + ﬁxzﬂt - T12
— a’--a f-’ . 0 2
Tyy = axka -+ 8.Lo — L = —— + P2 — Ps

In the adiabatic approximation the second order terms in € in the dispersive system
should be neglected, Then (2, 5) yields the following dispersive relation connecting «. ,

k and a 29,
w? — k? = el =@ (a) (27)
(p2a
from which we can find o (k, a) whereupon the complete dispersive system becomes
9 0
S Vi D (@) @:(0)] — 57 (k92 ()} = 0 @8
o

i -
a0+ ax[Vﬂ @D (a)] =0

This dispersive system is a hyperbolic, quasi-linear, reducible system and admits two
families of characteristics (3], It leads to multivalued solutions, and its discontinuous
solutions with conditions (1, 6) at the discontinuity were considered in [3], The neces-
sary condition for the discontinuity in the system (2, 8) to be evolutionary [12] is the
presence of three characteristics at it, This condition forms a system of three inequali-
ties, their corollaries were considered by Whitham in [3]. We note that in the adiabatic
approximation the conditions at the discontinuity leave three parameters unrestricted,

In the linear case V = %/ 2 Eq, (2.1) becomes the telegraph equation, and the dis-
persive relation (2, 7) is independent of the amplitude and ® (a) = 1. In this case the
characteristic directions coincide and are equal to the group velocity dwo/dk, therefore
the number of characteristics at the discontinuity is not greater than two and the discon~
tinuity is not evolutionary, This result is obvious, by virtue of the principle of superpo-
sition of solutions,

To clarify the structure and the conditions of evolutionarity of the discontinuity, we
consider the complete dispersive system (2, 3) — (2, 5), We seek its solutions in the form
of a function of the variable £ ==z — p¢. From (2. 3), (2. 5) and (2, 6) we obtain a sys-
tem of ordinary differential equations the first integrals of which have the form

— 2vps v (1 — v?) (Z—g)z P — k(1 — ¥ @y =v(1 —v?)cs
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0 — vk = ¢, — vog + kg = ¢ (2.9)
Eliminating £ and ® and introducing the total energy £ = a*/ 2, we obtain an equa-
tion for E = E (), which can be solved in quadratures

2 E ;
(S5 = sy e 2 =)o+ (240)

Py [cs(i — V) — 0 (v -4- -—1—->] — cﬁ} = F (E)

¢

For the linear equations (V' = u) the functions ¢; ate easily computed {(U©® =
a cos O .
) (pl —_ 1/2. ‘Pz — E, (P:a — le

Then F (£) in (2,10) is a quadratic trinomial
4 S 912 1 . 2
F(B) = ot B e (= o B et =0 v (o ) = o)
p— l"‘ - !
Let us consider F (E) on the ( F, E )-plane (curve { in Fig,1), A bounded solution
is possible if the following two conditions hold:
0? > (11— %)

[t =)= 22—

c— At (L —v?) = ey, (VP — 2)
The solution describes sinusoidal modulation of the amplitude, as well as o and k.
This result agrees with the conclusion that no discontinuities are possible in the linear
equation written for the dispersive system in the adiabatic approximation,

Let us now consider the nonlinear case and show the possible forms of the function
F (L), defined by Eq, (2.10), which lead to bounded solutions of (2,10),

1). Equation F (I U (.2 11)

admits two simple roots /v, << [, such that F (£) > 0 for £, << E<T E,. This case
is analogous to one already considered for the linear equation and represents the modu-
lations of a, o and A.

2).In Eq, (2.11) £ is a simplc root and /75 ts a double root (curve & in Fig, 1),
Then the solution L' -~ /¢ (5} has the form of a single, isolated wave [1], the wave

ampliiede is equal to Ky — L), and the value at infinity is 5 (isolated rarefaction
wave), In tiris case the conditions (2, Y) are supplemented with an additional condijtion

Fe! o) FP(E) - 0

and three out of seven parameters (L. w;.

h:o ¢, (i -1, 2) remain unconstrained,
A single wave-type solution is also obtained

in the case when 7, is a simple root and /,

is an n-tuple root (1 = 9)., Then the addi-

Fig, 1 tional conditions are £’ (f£y) = ... =
Foo ([,) = 0 and £ tends o £y with
£~ + oc inan algebraic manner, Since we impose /¢ additional restrictions, the
number of the unrestricted parameters is equal to O — N.
3). Letin Eq, (2.11) £, be a double root and /2. a simple root (curve -/ in Fig,1),
Then a hydraulic shock type solution is possible, i, €, a discontinuity between £, and
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E,. However, the integral curve E = E, is singular, therefore the hydraulic shock
will be stable provided that £ = E; is also a double root, In this case we have two
unconstrained parameters (see below),

4), If E, and E; are both double roots (curve £ in Fig,1) and F (E) >0 for
E, < E < E,, i.e, if the conditions

F(Et) = 0, F, (Ez) = O (i::"-i,Z)

hold, thep the solution obtained has the form of a smoothly varying amplitude between £,
and E,and the derivatives of £, k and o tend to zero as § — + oo . The first inte-
grals €2, 9) form three conditions at the discontinuities and Eq, (2,4) of the dispersive
system provides another two conditions
‘Psl (Ei)
Py ()
It can be shown that the requirement that #” (E;) = O is equivalent to (2,12),
Thus we have five conditions for seven parameters, leaving two parameters unconstrained.
We note that the necessary conditions for the existence of a discontinuity in the adiaba-
tic approximation will not be sufficient when discontinuous type solutions are considered
in a complete dispersive system,

=12 (2.12)

2 2
w; ""‘ki =

8. Nonconservative systems, Letus consider the lipear Klein-Gordon equa-
tion whose right-hand side is not zero, setting
u

ul 2 u?
L""""“—?f“*‘ X + =, 6W*z‘QQ(u,u,,ux,s)Gudxdt

2 o)
Ve

In this case the dispersive system has the form

0 [ wa? 8 [ ka®
7 () + ) = 0w =0
At — Qe + (B — 0 + 1) a + 2eQq =0 (3.1)
0, + ki == 0

where (g and (i, are determined in accordance with (1, 5),
Following (2,4) we write the equivalent system in the form of the laws of conservation
aTn 0T, 0Ty 3T
ot T 55 = e + eQwo,  —5 + 5= = Q. + @@k (3.2)
where T;; is given by (2.6) and L has the form
- —a2 -al —f Lk, a?
L= 3 t—a— e+

At first we shall limit ourselves to the terms of the order not higher than the first in € ,
Then (3,1) yields the following dispersive relation equivalent to (2, 5):

2
o =14k 4 e — Qo (a, k) (3.3
Let us write the first equation of (3, 1) in the same approximation in the form

Ei+ o) Bk B (ks — 5 Qo =0 c(h) = —fer

We consider a particular solution of the system (3, 2) ~ (3, 4) corresponding to the self-

(3.4)
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oscillatory mode, for a stationary monochromatic wave

© = 0, = const, Kk = k, = const, E — E, = const,
assuming that the condition 0(03) = ( must hold, i, e, that a frequency-amplitude
dependence exists for the self-oscillatory mode, Let us pose the problem of stability of

such a solution, A system written in variations with the accuracy of up to and including
terms of order of ¢ , has the form

a(sE) o (kg 208 a(aE) L By (kg) 280 5’0 _g[_aE+ B9 61»1:

ok 0 bk _
a((” ) ¢ (ko) —— ( L—} q= W Qi) (o, En)

Then solution of the second equation is given by
8k = ¥ (z — (ko) 1)

where 1 is an arbitrary function, If the solution § E is sought in the form of a function
of T — c (ky)Z, then it has the form

8E — Dexpe o1 g—ﬂ [ Ea250 o 20y m)| exp e 5 & — ] dn
E-ﬂ
i.e, the stability of the self-oscillatory mode is determined by the sign of 9g / OF.
For stable self-oscillatory modes we consider discontinuous solutions, regarding a dis~
continuity in the sense used above, To clarify the problem of stability of a discontinu~
ity, one must consider the approximation following the adiabatic one, and for this it is
sufficient to take the dispersive system in the form

d [ dw d [ ak\ . _
_W(z) M(2>_wm_0

w—k=1—¢ 'i_ Qu(a.0.k). @, +k =0 (3.5)
bad
Qu = 21—_‘ Q f(acos ®, masin®, — kasin &) cos ¢dd

0

Qo) = Q f(acos® - U0, wasin® + a,cos & — el

0

— kasin® +a,.cos® -+~ ekUS) sin 8d9

where in Q) we take into account the terms of the order of €° and in ()5 the terms
of the order of €° and €!, and assume that within the limits of accuracy chosen Q¢ =
U (a, k). when computing /() , we can express it in the terms of @, ® and £
without resorting to functions appearing in the asymptotic representations (1,3). For
this reason, in the general case, we have in the second approximation

Q(O) == 0(8) (81 a, a;, Ay, O, k)
and Q(s) can, within the limits of accuracy considered, be written in the form

Qo = Q0B (@, 0,k) + 2,0 (a,0, k) + a.Q& (@, . k)

Clearly, the necessary condition for existence of discontinuous solutions is the following
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equality: Q(&) (3.6)
which must hold for the admissible values of @, ® and k ahead and behind the dis-
continuity,

Solving (3. 5) and (3. 6) jointly, we obtain an expression for V(a) depending on a only,
As a result, the dispersive relation becomes
=k D@, @@ =1—2a"eQqy () 3.7

The above equation represents a particular case of the dispersive relation for the non-

written out in the form of the
¥¥iliiwil A%4 SliN AR BAL

nnnnn Carda 1§ tho Aienaveive cv
uuc:u I\ICIII-UUIUUII cquauuu. ik LIAG UAJPAQIVV ,

laws of conservation (3, 2), and (3, 6) with (3, 7) are taken into account, then its right-
hand sides have the form

SQ(a) ay — Qo = eF'(a)a, — eo (a) X
[a,Q®(a,0 (a), & (a) -+ 2,08 (a, o (a), k (a))]

eQ() ax - €Qp) k = &F’ (a) u, + &k (a) X
(2.0 (a,0 (a), k() + a.08 (a, o (a), k (a))]

etorm i
Sveail 1

where F (a) is the primitive of Q(, (a). Introducing the primitive functions for the
remaining terms @i (a), we can write the dispersive system in the following divergent

form 52 L k2) g3 2 9 ka?
% {_w + -+ eF (@) — e(l)“(a)} + —_{“’2‘1 — e (a)} =0

2 {M_ e(D22 (a)} {(m--*—k")a- — —ai —eF (a) — eD? (a )} 0
at | 2 4

From this the obvious conditions at the discontinuity follow, they can be regarded as a
generalization of conditions (1,6), We note that the present case differs from that of
conservative systems ; nere only a single parameter remains unrestricted (owing

to the necessity of satisfying the two supplementary conditions (3, 6) ahead and behind
of the discontinuity),

In connection with the argument given in Sect,2 we find it important to take into
consideration the next (third) approximation, as this will unable us to reveal the struc-
ture of the discontinuity. We shall seek a solution of the system (3,1) expressed as a
function of the variable § = 2 — vf, where U is the rate of propagation of the dis-
continuity and is constant, remembering that Q) should include terms of the order of
€, and (s terms of the order of &2 inclusive

n

Q(a)=% gf(acosﬁ—{—aU(U wasin® 4 a,cos ¥ — elU§, — kasin ¢ +

0

a. cos & + ekUY’) cos 9d9
2n
Q@ = S facos O+ eUW® L 2UD, wasin® + ... — 20U, —

0

kasin® ... 4+ eku(ﬁ))sin 4d ¢

We note that for the linear case the functions U and U(®» can be expressed in terms
of @, w and k, so that
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O = U (&, g, 0, k, ay, ax, 0 04 ke b
(?(a) = ()(u) (8~ a, w, kv Qy, (Ix)
The following conditions must be fulfilled in the course of solution:
1) for £ — -+ co the values of @, k¥ and ® ahead of the discontinuity tend to
constants @, &, and w,;
2) for £ - — oo the values of a,A and @ behind of the discontinuity tend to
constants dq, Kz and ®y;
3) for L — =+ oo , the derivatives of any order in ¢ tend to zero,
If such solutions exist, they have the discontinuity character, Then the first two equa-
tions of (3,1) yield the following four conditions (i = 1, 2)
()(0) (al" ]“:l' [OFN 0. [N 0) 2 U (3.8)
a; (k% — 0 + 1) - 280 (g, by, @, O, 0) =0

Finally, the last equation of (3,1) gives the first integral

W — Uk =y (3.9)
From (3, 1) and (3.2) we obtain the following dispersive system in £ and k
d A . dE  dE \

I (kEy— v [E (vk -+ c3)] — sQ(g)(a, k,vk 4+ ¢y, — v _(?17{" - =0
dE s @ P S A | dE \? .
—v S (1= v%) - (o + ) hE] + [u(n- - ”‘E(T{) ] + (3.10)
Q(q) JdE . )

2e0 -—'/.—ﬂg- —;1? + g (C-z + x.).l)k) ()(9) =0

Substituting dE / d = p, we reduce this system to its normal form
dk/dg = k' =2 fi (&, E, p)v P’ = fz (kv E, P); E=p

The latter system is autonomous, Solving the first two equqtions for E, we can obtain
a solution for the following initial values:
ko ky p=py=4U whenkE = E

Thus we obtain an equation for dE / d%
aE
= =plE, Er, k1 €)
which is a function of the initial values, The constants £, and &, can be overdefined

using the first integrals of the system of Eqs. (3, 8) and (3, 9)
E

(1 — D kE —veE —¢ : Qo (& E, vk +ca, by —wvp, poo. s i) 9E —e,.

£ P

. E

v (v —

vE L (2 — 1) (02 + vk) Ek - —(—-Z—E——)- E? 4 2ep Q Q(E) dE -

E

E E

R Qodf QQ«»’“ JE—cs 0 _ Qw
e\ mme \ T Q=T

Let us set
ey = (1 — oY) khEy — veyEy, ey = vEy + (0 — 1) (ep + vky) Eyky
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This enables us to express k; and £, by ¢;, ¢, and ¢y. Moreover, the requirement that
py =dE/d¥;_ = 0 is fulfilled in this case automatically,

Let us now set E
dE

T (E) = g Qs e
E:

find & from (3.9) and insert it into (3,10), After some manipulations we obtain

v2—1) fdE\2 v (»*—1) . (a1 L cevE) (ver + F) _
W (F) = FB =k S
¢ 20E ¢ I vEe? ¢ 12
vVECE ;
2eEv §Q<E> dE g % mIE— T S_Ez dE
él E, E:

The necessary conditions for the initial dispersive system to have discontinuity type
solutions, are
I (Et) 01 F' (Ez) =0 (& =1,2)

We have shown before that F (E;) = 0. If the following relations emerging from
(3.9) and (3,10) hold
(1 - UZ)szz —_ UCzEZ — el (Ez) =

E, E,
QaytdE
VEy + (0% — 1) (¢, + vky) Bk, + 260\ QueydE + eCol (Ey) + 200 { 20" _ o)
E, E

then the last of them is equivalent to F (E,) -= 0. It can be shown that
52
TN (F—eFy = B {1+ B — o~ 2601
Assuming £ = E; we find, on the basis o{(3.6) and the equality F (E;) = 0 that

in this case F’' (E,) = 0.
Thus we have imposed seven following conditions on the seven parameters V, ;, k;

and a Q(O) (/C‘i? w;, Eiv 0: LR} 0) = O
kB — o + 1 260 (k;, 0, E;, 0,0) =0
: dE
0] = v 4], [kE) — v [0E] = s\ Qo)
o " E,
v[E] 4+ (v — 1) [0kE] = — 2ev S QudE — ¢ § ®Q (g EEE—
E. E,

If this system admits solutions, then a discontinuity can be realized with the above
values, Consequently the dispersive system admits a discrete set of discontinuities,
We emphasize that a nonconservative initial system also admits the discontinuity-type
solutions, but the discontinuity parameters must then be specified more accurately,
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We consider a solid body with a simply-connected cavity containing a liquid,
In the case when the potential energy is positive definite with respect to a part
of the generalized coordinates, we give sufficient conditions for the asymptotic
stability of the equilibrium position relative to a part of the coordinates, to the
generalized velocities, and to the kinetic energy of the fluid, It is shown that
the asymptotic stability is uniform with respect to initial excitations from any
compact set in some neighborhood of the equilibrium position,

1, We consider a system of differential equations of perturbed motion
x = X (£, Xx) (X (t,O)—zO) {1.1)

7p) is a real n-vector and, n = m + p,

m >0, p > 0. We assume that



